Abstract-For millimeter-wave (mmWave) massive multiple-inputmultiple-output (MIMO) systems, codebook-based analog beamforming (including transmit precoding and receive combining) is usually used to compensate the severe attenuation of mmWave signals. However, conventional beamforming schemes involve complicated search among predefined codebooks to find out the optimal pair of analog precoder and analog combiner. To solve this problem, by exploring the idea of turbo equalizer together with the tabu search (TS) algorithm, we propose a Turbo-like beamforming scheme based on TS, which is called Turbo-TS beamforming in this paper, to achieve near-optimal performance with low complexity. Specifically, the proposed Turbo-TS beamforming scheme is composed of the following two key components: 1) Based on the iterative information exchange between the base station (BS) and the user, we design a Turbo-like joint search scheme to find out the near-optimal pair of analog precoder and analog combiner; and 2) inspired by the idea of the TS algorithm developed in artificial intelligence, we propose a TS-based precoding/combining scheme to intelligently search the best precoder/combiner in each iteration of Turbo-like joint search with low complexity. Analysis shows that the proposed Turbo-TS beamforming can considerably reduce the searching complexity, and simulation results verify that it can achieve near-optimal performance. Index Terms-Beamforming, massive multiple-input-multiple-output (MIMO), millimeter wave (mmWave), tabu search (TS), turbo equalizer.
I. INTRODUCTION
The integration of millimeter-wave (mmWave) and massive multiple-input-multiple-output (MIMO) is regarded as a promising technique for future fifth-generation (5G) wireless communication systems [1] since it can provide an orders of magnitude increase both in the available bandwidth and the spectral efficiency [2] . On one hand, the very short wavelength associated with mmWave enables a large antenna array to be easily installed in a small physical dimension [3] . On the other hand, the large antenna array in massive MIMO can provide a sufficient antenna gain to compensate the severe attenuation of mmWave signals due to path loss, oxygen absorption, and rainfall effect [1] as the beamforming (including transmit precoding and receive combining) technique can concentrate the signal in a narrow beam. X. Gao, L. Dai, and Z. Wang are with the Tsinghua National Laboratory for Information Science and Technology (TNList), Department of Electronic Engineering, Tsinghua University, Beijing 100084, China (e-mail: gxy1231992@ sina.com; daill@tsinghua.edu.cn; zcwang@tsinghua.edu.cn).
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MmWave massive MIMO systems usually perform beamforming in the analog domain, where the transmitted signals or received signals are only controlled by the analog phase shifter (PS) network with low hardware cost [1] . Compared with traditional digital beamforming, analog beamforming can decrease the required number of expensive radio-frequency (RF) chains at both the base station (BS) and users, which is crucial to reduce the energy consumption and hardware complexity of mmWave massive MIMO systems [4] . Existing dominant analog beamforming schemes can be generally divided into two categories, i.e., the non-codebook beamforming and the codebookbased beamforming. For the non-codebook beamforming, there are already some excellent schemes. In [5] - [7] , a low-complexity analog beamforming, where two PSs are employed for each entry of the beamforming matrix, is proposed to achieve the optimal performance of fully digital beamforming. However, these methods require the perfect channel state information to be acquired by the BS, which is very challenging in practice, particularly when the number of RF chains is limited [1] . By contrast, the codebook-based beamforming can obtain the optimal pair of analog precoder and analog combiner by searching the predefined codebook without knowing the exact channel. The most intuitive and optimal scheme is full-search (FS) beamforming [8] . However, its complexity exponentially increases with the number of RF chains and quantified bits of the angle of arrival (AoA) and the angle of departure (AoD). To reduce the searching complexity of codebook-based beamforming, some low-complexity schemes, such as the schemes adopted by the IEEE 802.15.3c [9] and IEEE 802.11ad [10] standards, have already been proposed. Furthermore, a multilevel codebook, together with a ping-pong searching scheme, is also proposed in [11] . These schemes can reduce the searching complexity without obvious performance loss. However, they usually involve a large number of iterations to exchange the information between the user and the BS, leading to a high overhead for practical systems.
To reduce both the searching complexity and the overhead of codebook-based beamforming, in this paper, we propose a Turbo-like beamforming scheme based on the tabu search (TS) algorithm [12] (called as Turbo-TS beamforming) with near-optimal 1 performance for mmWave massive MIMO systems. Specifically, the proposed Turbo-TS beamforming scheme is composed of the following two key components.
1) Based on the iterative information exchange between the BS and the user, we design a Turbo-like joint search scheme to find out the near-optimal pair of analog precoder and analog combiner. 2) Inspired by the TS algorithm in artificial intelligence, we develop a TS-based precoding/combining to intelligently search the best precoder/combiner in each iteration of Turbo-like joint search with low complexity.
Furthermore, the contributions of the proposed TS-based precoding/ combining can be summarized in the following three aspects. 1) Provide the appropriate definitions of neighborhood, cost, and stopping criterion involved in TS-based precoding/combining. 2) Take the exact solution instead of the conventional "move" as tabu to guarantee a wider searching range. 3) Propose a restart method by selecting several different initial solutions uniformly distributed in the codebooks to further improve the performance. It is shown that the proposed Turbo-TS beamforming can considerably reduce the searching complexity. We verify through simulations that Turbo-TS beamforming can approach the performance of FS beamforming [8] .
The remainder of this paper is organized as follows. Section II briefly introduces the system model of mmWave massive MIMO. Section III specifies the proposed Turbo-TS beamforming. The simulation results of achievable rate are shown in Section IV. Finally, conclusions are drawn in Section V.
Notation: Lowercase and uppercase boldface letters denote vectors and matrices, respectively; (·)
, and det(·) denote the transpose, conjugate transpose, inversion, and determinant of a matrix, respectively; and E(·) denotes the expectation. Finally, I N is the N × N identity matrix.
II. SYSTEM MODEL
We consider the mmWave massive MIMO system with beamforming, as shown in Fig. 1 [13] . The N s independent transmitted data streams in the baseband first pass through N RF t RF chain to be converted into analog signals. After this, the output signals will be precoded by an N t × N RF t analog precoder P A as x = P A s before transmission, where s is the N s × 1 transmitted signal vector subject to the normalized power E(ss H ) = (1/N s )I Ns . Note that the analog precoder P A is usually realized by a PS network with low hardware complexity [1] , which requires that all elements of P A should satisfy |p
Under the narrow-band blockfading massive MIMO channel [13] , N r × 1 received signal vector r at the user can be presented as
where ρ is the transmitted power; H ∈ C Nr ×Nt denotes the channel matrix, which will be discussed in detail later in this section; and
T is the additive white Gaussian noise vector, whose entries follow the independent and identical distribution (i.i.d.) CN (0, σ 2 I Nr ) [14] . At the user side, an N r × N RF r analog combiner C A is employed to process the received signal vector r as
where the elements of C A have the similar constraints as those of P A , i.e., |c
Due to the limited number of significant scatters and serious antenna correlation of mmWave communication [15] , [16] , in this paper, we adopt the widely used geometric Saleh-Valenzuela channel model [13] , where the channel matrix H can be presented as
where L is the number of significant scatters, and we usually have L ≤ min(N t , N r ) for mmWave communication systems due to the sparse nature of scatters; α l ∈ C is the gain of the lth path including the path loss; and φ 
where k = (2π/λ), λ denotes the wavelength of the signal, and d is the antenna spacing.
III. NEAR-OPTIMAL TURBO-TABU SEARCH BEAMFORMING WITH LOW COMPLEXITY
Here, we first give a brief introduction of the codebook-based beamforming, which is widely used in mmWave massive MIMO systems. After this, a low-complexity near-optimal Turbo-TS beamforming scheme is proposed, which consists of Turbo-like joint search scheme and TS-based precoding/combining. Finally, the complexity analysis is provided to show the advantage of the proposed Turbo-TS beamforming scheme.
A. Codebook-Based Beamforming
According to the special characteristic of a mmWave channel, the beamsteering codebook [8] is widely used. Specifically, let F and W denote the beamsteering codebooks for the analog precoder and the analog combiner, respectively. If we use B RF t (B RF r ) bits to quantify the AoD (AoA), F (W) will consist of all the possible analog precoder (combiner) matrices P A (C A ), which can be presented as [8] 
where the quantified AoDφ 
where R n = σ 2 C H A C A presents the covariance matrix of noise after combining, and
is defined as the cost function. We can observe that, to obtain the optimal pair of analog precoder and analog combiner, we need to exhaustively search the codebooks F and W. When N RF r = 6, the totally required time of search is 1.6 × 10 7 , which is almost impossible in practice. In this paper, we propose Turbo-TS beamforming to reduce the searching complexity. The proposed Turbo-TS beamforming is composed of two key components, i.e., Turbo-like joint search scheme and TS-based precoding/ combining, which will be described in detail in Section III-B and C, respectively.
B. Turbo-Like Joint Search Scheme
Based on the idea of the information interaction in the well-known turbo equalizer, we propose a Turbo-like joint search scheme to find out the near-optimal pair of analog precoder and analog combiner, which is shown in Fig. 2 . Let P opt,k A and C opt,k A denote the nearoptimal analog precoder and analog combiner obtained in the kth iteration, respectively, where k = 1, 2, . . . , K, and K is the predefined maximum number of iterations. First, the BS selects an initial precoder P opt,0 A , which can be an arbitrary candidate in F, to transmit a training sequence to the user. Then, the user can search the best analog combiner C opt,1 A . After this, the user uses C opt,1 A to transmit a training sequence to the BS, and in return, the BS can search the best analog precoder P opt,1 A
. We repeat such iteration for K times in a similar way as the turbo equalizer and output P opt,K A and C opt,K A as the final pair of analog precoder and analog combiner, which is expected to achieve near-optimal performance, as will be verified later in Section IV. Note that, in each iteration, searching the best analog precoder (combiner) after a potential analog combiner (precoder) has been selected from the codebook W (F) can be realized by the proposed TS-based analog precoding/combining with low complexity, which will be described in detail next.
C. TS-Based Precoding/Combining
Here, we first focus on the process of searching the best analog precoder P A after a potential analog combiner C A has been selected. The process of searching the best analog combiner C A after a certain analog precoder P A has been selected can be derived in the similar way.
The basic idea of the proposed TS-based analog precoding can be described as follows. TS-based analog precoding starts from an initial solution, i.e., an analog precoder matrix selected from the codebook F, and defines a neighborhood around it (several analog precoder matrices from F based on a neighboring criterion). After this, it selects the most appropriate solution among the neighborhood as the starting point for the next iteration, even if it is not the global optimum. During the search in the neighborhood, TS attempts to escape from the local optimum by utilizing the concept of "tabu," whose definition can be changed according to different criteria (e.g., convergence speed and complexity). This process will be continued until a certain stopping criterion is satisfied, and finally, the best solution among all iterations will be declared as the final solution. Next, five important aspects of the proposed TS-based precoding, including neighborhood definition, cost computation, tabu, stopping criterion, and TS algorithm, will be explained in detail as follows. (4) and (6) . Then, an analog precoder is defined as a neighbor of P A if i) it has only one column that is different from the corresponding column in P A and ii) if the index difference between the two corresponding columns is equal to one. For example, when N RF t = 2 and B RF t = 3, for a possible analog precoder P A = [f t (3π/4), f t (7π/4)], another precoder [f t (2π/4), f t (7π/4)] is a neighbor of P A .
Let P (i)
A denote the starting point in the ith iteration of the proposed TS-based analog precoding, and V(P
|V| } presents the neighborhood of P (i)
A , where |V| is the cardinality of V. According to this neighborhood definition, it is obvious that |V| = 2N RF t . We then define that the uth neighbor in V(P
A in the u/2 th column, and the index of the corresponding column is q u/2 + (−1) mod (u,2) , where q u/2 is the index of this column. To avoid overflow of this definition, we set
For example, the neighborhood of one analog precoder P
2) Cost Computation: We define the value of the cost function ϕ(P A , C A ) in (9) as the reliability metric of a possible solution, i.e., a solution P A leading to a larger value of ϕ(P A , C A ) is a better solution. Furthermore, according to the neighborhood definition, we can observe that, once we obtain the cost of P A , we do not need to recompute (9) to obtain the cost of its neighborhood through information exchange between the BS and the user. This is due to the fact that the neighbor V u of P A only has the u/2 th column that is different from the corresponding column in P A , and then the updated effective channel matrix C H A HV u in (9) also has the u/2 th column that is different from the corresponding column in the original effective channel matrix C H A HP A , where such difference can be easily calculated since P A and V u are known. More importantly, this special property indicates that, for the proposed TS-based analog precoding, we can only estimate the effective channel matrix C [17] , [18] , whose dimension is much lower than the original dimension N r × N t of the channel matrix H.
3) Tabu: In the conventional TS algorithm [12] , the tabu is usually defined as the "move," which can be regarded as the direction from one solution to another solution for the analog precoding problem. The "move" can be denoted by (a, b) , where a = 1, . . . , N RF t denotes that the ath column of the original solution is different from that of the current solution, and b ∈ {−1, 1} means the changed index of this particular column from the original solution to the current solution. Considering this example, the "move" (direction) from [f t (3π/4), f t (7π/4)] to [f t (2π/4), f t (7π/4)] can be written as (1, −1). Regarding the "move" as tabu can save storage of the tabu list since it only requires a tabu list t of size 2N RF t × 1, whose element takes the value from {0, 1} to indicate whether a move is tabu or not (i.e., 1 is tabu, and 0 is unconstrained). However, as shown in Fig. 3(a) , this method may lead to the unexpected fact that one solution will be searched twice, and the cost function of the same neighborhood will be computed again. To solve this problem, we propose to take the exact solution as tabu. Specifically, let p = 1, 2, . . . , 2 
For example, when B RF t = 3 and N RF t = 2, if an analog precoder has the column indexes {2, 7}, then the index of this analog precoder in F is p = 15 according to (12) . This way, our method can efficiently avoid one solution being searched twice, and therefore, a wider searching range can be achieved, as shown in Fig. 3(b) . Note that the only 2 It is worth pointing out that to fully achieve the spatial multiplexing gain, the column index qm should be different for different RF chains, i.e.,
All the possible precoder/combiner matrices that do not obey this constraint will be declared as "tabu" to avoid being searched. 
4) Stopping Criterion:
We define flag as a parameter to indicate how long (in terms of the number of iterations) the global optimal solution has not been updated. This means that, in the current iteration, if a suboptimal solution is selected as the starting point for the next iteration, we have flag = flag + 1; otherwise, if the global optimal solution is selected, we set flag = 0. Based on this mechanism, TS-based analog precoding will be terminated when either of the following two conditions is satisfied: i) The total number of iterations reaches the predefined maximum number of iterations max_iter, or ii) the number of iterations for the global optimal solution not being updated reaches the predefined maximum value max_len, i.e., flag = max_len. Note that we usually set max_len < max_iter, which means that, if TS-based analog precoding has already found the optimal solution at the beginning, all the starting points in following iterations will be suboptimal; thus, we do not need to wait max_iter iterations. Therefore, the average searching complexity can be reduced further.
5) TS Algorithm:
Let G (i) denote the analog precoder achieving the maximum cost function (9) that has been found until the ith iteration. TS-based analog precoding starts with the initial solution P (0)
A . Note that, to improve the performance of TS-based analog precoding, we can select M different initial solutions uniformly distributed in F to start TS-based analog precoding M times; then, the best one out of M obtained solutions will be declared as the final analog precoder. For each initial solution, we set G (0) = P
A , flag = 0. In addition, all the elements of the tabu list t are set as zero. Considering the ith iteration, TS-based analog precoding executes as follows.
Step 1: Compute the cost function (9) of the 2N
RF t
neighbors of P (i)
A given the effective channel matrix C
Calculate the index p 1 of V 1 in F according to (12) . Then, V 1 will be selected as the starting point for the next iteration when either of the following two conditions is satisfied:
If V 1 cannot be selected, we find the second best solution as
Then, we decide whether V 2 can be selected by checking (14) and (15) . This procedure will be continued until one solution V is selected as the starting point for the next iteration. Note that, if there is no solution satisfying (14) and (15), all the corresponding elements of the tabu list t will be set to zero, and the same procedure will be repeated. Step 2: After a solution has been selected as the starting point, i.e., P
TS-based analog precoding will be terminated in Step 2 and output G (i+1) as the final solution if the stopping criterion is satisfied. Otherwise, it will go back to Step 1, and repeat the procedure until it satisfies the stopping criterion.
It is worth pointing out that searching the near-optimal analog combiner C A after a certain analog precoder P A has been selected can be also solved by the similar procedure previously described, where the definitions such as neighborhood should be changed accordingly to search the near-optimal analog combiner C A .
D. Complexity Analysis
Here, we provide the complexity comparison between the proposed Turbo-TS beamforming and the conventional FS beamforming. It is worth pointing out that, although the proposed Turbo-TS beamforming requires some extra information exchange between the BS and the UE (K times of iterations) as discussed in Section III-B, the corresponding overhead is trivial compared with the searching complexity since K is usually small (e.g., K = 4 as will be verified by simulation results). Therefore, here, we evaluate the complexity as the total number of solutions needed to be searched. It is obvious that the searching complexity of FS beamforming C FS is
By contrast, the searching complexity of the proposed Turbo-TS beamforming C TS is
Comparing (18) and (19), we can observe that the complexity of Turbo-TS beamforming is linear with N In addition, for all these cases, we set the total number of iterations K = 4 for the Turbo-like joint search scheme. In Table I , we can observe that the proposed Turbo-TS beamforming scheme has much lower searching complexity than the conventional FS beamforming, e.g., when B RF t = B RF r = 6, the searching complexity of Turbo-TS beamforming is only 2.1% of that of FS beamforming.
IV. SIMULATION RESULTS
We evaluate the performance of the proposed Turbo-TS beamforming in terms of the achievable rate. Here, we also provide the performance of the recently proposed beam steering scheme [19] with continuous angles as the benchmark for comparison since it can be regarded as the upper bound of the proposed Turbo-TS beamforming with quantified AoAs/AoDs. The system parameters for the simulation are described as follows: The carrier frequency is set as 28 GHz; We generate the channel matrix according to the channel model [13] At first, we provide the achievable rate performance of Turbo-TS beamforming against different parameters to explain why we choose these values as listed in Section III-D. Fig. 4(d) ], the proposed Turbo-TS beamforming can achieve more than 90% of the rate of FS beamforming, which verifies the rationality of our selection. = 4 and SNR = 0 dB, the rate achieved by Turbo-TS beamforming is 7 bits/s/Hz, which is quite close to 7.2 bits/s/Hz achieved by FS beamforming. When the number of quantified bits per AoA/AoD increases, both Turbo-TS beamforming and FS beamforming can achieve better performance close to the beam steering scheme with continuous AoAs/AoDs [19] . Meanwhile, Turbo-TS beamforming can still guarantee satisfying performance quite close to FS beamforming. Considering the considerably reduced searching complexity of Turbo-TS beamforming, we can conclude that the proposed Turbo-TS beamforming achieves a much better tradeoff between performance and complexity. Fig. 6 shows the achievable rate comparison for an N r × N t = 32 × 128 mmWave massive MIMO system, where the number of 
= B
RF r = 6, and SNR = 0 dB, Turbo-TS beamforming can achieve the rate of 10.1 bits/s/Hz, whereas when N r × N t = 32 × 128, the achievable rate can be increased to 14 bits/s/Hz without increasing the number of RF chains.
V. CONCLUSION
In this paper, we have proposed a Turbo-TS beamforming scheme, which consists of two key components: 1) a Turbo-like joint search scheme relying on the iterative information exchange between the BS and the user and 2) a TS-based precoding/combining scheme utilizing the idea of local search to find the best precoder/combiner in each iteration of Turbo-like joint search with low complexity. Analysis has shown that the complexity of the proposed scheme is linear with N RF t and N RF r , and it is independent of B RF t and B RF r , which can considerably reduce the complexity of conventional schemes. Simulation results have verified the near-optimal performance of the proposed Turbo-TS beamforming. Our further work will focus on extending the proposed Turbo-TS beamforming to the multiuser scenario.
